In this paper we establish the equivalence of the general concept of bounded approximate units in a normed algebra with the traditionally used notion of a bounded approximate identity. Furthermore, we investigate pointwise-bounded approximate units in commutative normed algebras.
Let A be a normed algebra. A net {eÁ}ieA of elements in A is called a bounded left approximate identity in A if there exists a constant K such that ||ej -K for all X e A and lim^ exx=x for all x e A.
A normed algebra A has bounded left approximate units if there exists a constant AT such that for every x e A and every e>0 there exists an element u e A (depending on x and e) such that ||u|| -K and \x-%tx\ <e.
We say that a normed algebra A has pointwise-bounded left approximate units if for every x e A there exists a constant K(x) such that for every e>0 there exists an element u e A (depending on x and e) such that ||u|| _ K(x) and \\x-ux\\<e.
Obviously, every normed algebra with a bounded left approximate identity has bounded left approximate units. Theorem 1 states the converse; the proof given below was kindly communicated to the author by Sadahiro Saeki and replaces our original proof. The argument is a modification of that given by H. Reiter in [1, p. 30] .
Furthermore, we show that a commutative normed algebra with pointwise-bounded approximate units has an approximate identity. The fact that we cannot assert the existence of a bounded approximate identity is illustrated by an example. But it turns out that the concept of pointwise-bounded approximate units is equivalent to the notion of a bounded approximate identity in commutative Banach algebras and also in commutative normed algebras which do not consist entirely of topological divisors of zero.
The general concept of approximate units in a normed algebra was considered (under various names) by several authors; e.g. H. Reiter [1, pp. 27ff.] and H. C. Wang [2] .
The author wishes to thank Professor R. S. Doran for constant encouragement and kind advice. Theorem 1. A normed algebra A has left approximate units bounded by a constant K if and only if A has a left approximate identity bounded by the same constant K.
Proof.
Let A be a normed algebra with left approximate units bounded by a constant K. With the usual convention about the formal role of 1, the assumption takes the following form : for every x e A and £>0 there exists an element u e A such that ||w|| =K and || (1 -u)x\\ <e. Now let xx, ■ ■ • , xn be any finite set of elements in A. Given e>0, we can choose successively ux,---,uninA such that Since A is the union of the sets An, n = l, 2, • • • , and A is a Banach space, it follows from the Baire category theorem that some An has nonempty interior. Thus B(x0, ô)={x e A\ ||x-xj<<5} is a subset of Am for some x0 e A, r5>0and/?J. We will show that B(0, ô) = {x e A\ ||x||< ô} is a subset of Ai2+m)m. Let xeB(0, ô); then x=(x+x0)-x0 with x+x0 and x0 in B(x0, ô). Hence there exist sequences (uf) and (vA in A such that ||m¿||_w, ||yj_;n, limt-Ui(x+x0)=x+x0 and lim¿ ViX0=x0. Set w -Uj-l-^-UiV{; then (w¿) is a sequence in A with ||w<||_(24-w)m and lim¿ w{x=x; i.e. x is in Al2+m)m.
Since /I • A(2+m)m is a subset of A{2+m)m for any scalar X, it follows that A{2+m)m=A ; i-e. ^4 has bounded approximate units and so, by Theorem 
